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, $s$ $[0,1)^{s}$ $f(\mathrm{x})$
$I= \int_{[0,1\rangle^{S}}f(\mathrm{x})$ dx (1)
, .
, ,
, (1) “ ” $\{\mathrm{x}_{i}\}\in[0,1)^{s}$
$I_{N}= \frac{1}{N}\sum_{i=1}^{N}f(\mathrm{X}_{i})$ (2)
. , $(t, m, s)$ -net
. ,
, . [5] , scramble shift
2 . ,
2 ,
, shift scramble ,
, shift . ,
2 ( ) , . ,
, 2
, 1 .
2 $(t, m, S)$ -net
2.1
$f(\mathrm{x})$ $s$ $[0,1)^{s}$ . $P=\{\mathrm{x}_{i}\}_{i=1}N\in[0,1)^{s}$
$D_{N}$ .
$D_{N}= \sup_{J}|\frac{A(J,P)}{N}.-\mathrm{V}(J)|$ . (3)
$\sup$ $J=[0, t_{1})\cross\cdots\cross[0, t_{S})\subset[0,1)^{s}$ , $A(J;P)$ $J$
$P$ . ,
Koksma-Hlawka . .
$| \frac{1}{N}\sum_{i=1}^{N}f(\mathrm{X}_{i})-\int_{[0,1}]^{s}f(\mathrm{x})\mathrm{d}_{\mathrm{X}}|\leq V(f)D_{N}$ . (4)
, $V(f)$ $f$ (Hardy-Krause ) .
, $(t, s)$ -sequence , $D_{N}$ $\mathrm{O}((\log N)^{s}/N)$ ,
.
, $(t, s)$ -sequence [7]. , .
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1 $s\geq 1$ $b\geq 2$ , $b$
$E= \prod_{j=1}S[\frac{a_{j}}{b^{d_{j}}},$ $\frac{a_{j}+1}{b^{d_{j}}})$ (5)
. , $d_{j},$ $a_{j}$ , $d_{j}\geq 0,0\leq a_{j}<b^{d_{j}}$ .
2 $s,$ $m,$ $t,$ $b$ $s\geq 1,$ $m\geq 0,0\leq t\leq m,$ $b\geq 2$ . $s$ $I^{s}$
$\{\mathrm{z}_{i} : i=1, \ldots, b^{m}\}$ , $b^{t-m}$ $b^{t}$ ,
$b$ $(t, m, s)$ -net .
, $(t, s)$ -sequence .
3 $t\geq 0$ . $\{\mathrm{z}_{n}\}$ , $k\geq 0,$ $m>t$ { $\mathrm{z}_{n}$ : $n=$
$kb^{m},$
$\ldots,$ $(k+1)b^{m}-1\}$ $(t, m, s)$ -net , $b$ $(t, s)$ -sequence .
$(t, s)$ -sequence , Sobol’ Faure . Sobol’ ,
, $\mathrm{G}\mathrm{F}(2)$ $(x)$ $s$ ,
$\sum_{i=1}^{s}\deg pi(X)$ , $t= \sum_{i1}^{s}=\deg Pi(X)-S$ 2 $(t, s)$-sequence
, Faure $s$ $P$ $(0, s)$ -sequence .






$(b, m, s)$-net , 2 . ,
$(t, m, s)$-net , , (2)
.
scramble
$\mathrm{O}\mathrm{w}\mathrm{e}\mathrm{n}[8]$ . $\{\mathrm{z}_{i}\}$ $(t, m, s)$-net . $\mathrm{z}_{1}=(z_{1}^{(i)}$ , . . . , $z_{s}^{(i)})$
, $z_{j}^{(i\rangle}= \sum_{k=1}^{\infty}Z_{ij}kb^{-k},$ $0\leq z_{ijk}<b$ . $\{\mathrm{z}_{i}\}$
$\{\mathrm{x}_{i}\},$ $\mathrm{x}_{i}=(x_{1}^{(i)}, \ldots, x^{(i}S))$ , $x_{j}^{(i)}= \sum_{k=1}^{\infty}X_{i}jkb^{-k}$ .
$x_{ij1}$ $=$ $\pi_{j}(z_{ij1})$ ,
$x_{ij2}$ $=$ $\pi_{jz:}(_{\mathcal{Z}}j1ij2)$ ,
: (6)
$x_{ijk}$ $=$ $\pi_{jz}-k1(_{Z_{ij}}ij1^{Z}ij2\cdots Z_{i}j,k)$ .
$\pi$ $0,1,$
$\ldots,$ $b-1$ , $b!$ – . $\pi_{j}$ $i$
$z_{i}^{j}$ . $\pi_{jz:\mathrm{j}1}$ 2 , 1





$\{\mathrm{z}_{i}\}$ $(t, m, s)$ -net , scramble $\{\mathrm{x}_{i}\}$ , $(t, m, s)$ -net
.
shift $\backslash \grave,\mathrm{a}\mathrm{e}$
, [2] . $\mathrm{u}$ $[0,1)^{s}$
, $\mathrm{x}_{i}=\mathrm{z}_{i}+\mathrm{u}$ (mod 1) . , $\{\mathrm{z}_{i}\}$ –
29
, $[0,1)^{s}$ , $[0,1)^{s}$












$(t, m, s)$ -net $I-I_{N}$ 2 ( ) $E[(I-I_{N})^{2}]$
$E[|I-I_{N}|]$ . , $b$ Haar
. scramble 2 Owen [8]
, , ,




Owen [8] , scramble 2 , Haar $b$ Haar
. , 1 , $b$ Haar scramble
shift . , 2 ,
2 $L_{2}[0,1]$ . 1 $b$ Haar
. , $[0,1]$ $b$ $\psi_{\text{ }}(X),$ $c=0,1,$ $\ldots,$ $b-1$ .
$\psi_{c}(X)=\{$
$\sqrt{b}-\frac{1}{\sqrt{b’}}$ $\frac{c}{b}\leq x<\frac{c+1}{b}$ ,
$- \frac{1}{\sqrt{b}}$ , otherwise.
(9)
$\psi_{c}(x)$ , $b$ Haar $\psi_{ktc}$ . $k\geq 1,0\leq t<b^{k-1}$ .
$\psi_{c}(X)$ ,
$\psi_{kt\text{ }}(X)=b(k-1)/2\psi_{C}(bk-1-xb)$ (10)
( 1 ). $b$ Haar .
1 $\psi_{ktc}$ $b$ Haar , $\{z_{i}\}$ $b$ $(t, m, 1)$ -net , .
a) $k\geq 1,0\leq t<b^{k-1}$ , $\psi_{ktc}$ $\mathrm{c}$ $0$ .
$\sum_{c=0}^{b-}\psi_{kt}1$ $(x)=0$ . (11)
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1: $b$ Haar $P^{1}\mathrm{J}$ . $b=4$ , $(k=1, t=0, c=0),$ $(k=1, t=0, c=1),(k=$
$2,$ $t=0,$ $c=1)$ .
b) \psi kt $\psi_{k’t_{\text{ }}}\prime\prime$ , $k=k’$ $t=t’$ , $c=c’$ $(b-1)/b$ ,
$c\neq c’$ $-1/b$ .
$\int_{0}^{1}\psi_{k}tc(x)\psi_{ktc}\prime\prime\prime(x)\mathrm{d}X=\delta_{kk}’\delta tt’(\frac{b-1}{b}\delta_{c\text{ ^{}\prime}}-\frac{1}{b}(1-\delta_{\text{ }c}’))$ . (1.2)
$\delta_{kk’}$ Kronecker , $k=k’$ 1, $k\neq k’$ $0$ .
c) $k\leq m-t$ \psi kt $\{z_{i}\}$ $0$ .
$\sum_{i=1}^{b^{m}}\psi_{kt}$ $(z_{i})=0$ , f.or $k\leq m-t$ . (13)
$\{\psi_{ktc}\}^{\infty}k=1$ , $\psi_{0}(X)=1,(0arrow\leq x<1)$ . $\psi 0$ $t,$ $c$ ,
$\{\psi_{ktc}\}^{\infty}k=0$ . $\{\psi_{ktC}\}_{k=0}\infty$ 1 a), b) ,
, $f(x)\in L^{2}[0,1)$ ,
$f(x)=I+ \sum_{k=1}^{\infty}bk-1\sum^{1}\sum_{=t=0C0}\langle f-b-!, \psi kt\text{ }\rangle\psi_{k}tc(_{X)}$ (14)
. , $\langle$ , $\rangle$ ,
$\langle f, \psi kt_{\text{ }}\rangle=\int_{0}^{1}f(X)\psi_{k}tC(x)\mathrm{d}x$ . (15)
. $I=\langle f, \psi_{0}\rangle$ . $\{\psi ktc\}^{\infty}k=0\text{ },arrow$ $-$
, $f$ \psi kt .
$(t, m, s)$ -net 2 .
$V(\hat{I}_{N})$ $=$ $E[(I_{N}-I)^{2}]$
$=$ $E[( \frac{1}{N}\sum_{i=1k}^{N}\sum_{=1}^{\infty}\sum_{t=0\text{ }^{}1}\sum_{=0}\langle f, \psi_{kt}c\rangle\psi_{kt}cb^{k1}--b-1)(xi)^{2}]$ (16)
$\{X_{i}\}$ . ,





, $\tau$ . scramble , $b$ $\iota \mathrm{f}\acute{\mathrm{t}}\overline{\mathrm{T}}$ scramble
\tau J . shift $\tau_{\mathrm{t}}$ . $\tau_{\mathrm{s}}^{(l)}$ .
$\mathrm{z}=(z_{1}, z_{2}, \ldots, Z_{S})$ .
$\tau_{\mathrm{s}}^{(l)}(\mathrm{Z})=(\pi_{1}^{(\iota\rangle)}(_{Z}1), \ldots, \pi_{S}^{(}(\mathrm{t}z_{S}))$. (18)
, $j$ $\pi_{j}^{(l)},$ $j=1,$ $\ldots,$ $s$ , .
$(l)$
$\pi_{j}$ $=\pi_{j\iota}\mathrm{O}\pi_{j,\downarrow}-10\cdots 0\pi j1$
“
$0$
” . $\pi_{j1}$ , $j$ $[0,1)$ $b$ $b$
$[0, b^{-1}),$ $[b^{-1},2b^{-1}),$
$\ldots,$ [ $(b-1)b^{-1},1)$ . , scramble
, $b$ . $\pi_{j2}$ ,
$b$ $j$ $b$ ,
b $2\text{ }$),$\cdot[i\text{ }b\text{ },,\pi_{j2,-}\text{ }ib1\text{ }\mathrm{f}b2$)$\mathfrak{X}\emptyset,$ $.\text{ }-,$ $1,(i+1)b-1),i=,\mathrm{o},$$\ldots,b-1[ib^{-1}+(b-1)b-2(i+1)b^{-1})$
$b$ . $\pi_{jk},$ $k=3,$ $\ldots,$ $l$ . $\pi_{jk}[] 3\mathrm{i}b^{k}$
. .
$\ovalbox{\tt\small REJECT}$ .
$\tau_{\mathrm{t}}(\mathrm{z})=\mathrm{z}+\mathrm{u}$ (mod 1) (19)
$\mathrm{u}$ – , (mod 1) 1
. ,




, scramble shift 2 . ,




$V( \hat{I}_{N})=\frac{1}{N^{2}}\sum_{i,j}\sum_{k_{1},k_{2}t}\sum_{1t2\text{ }},\sum_{1,c_{2}}E[\langle f\circ T, \psi k1t_{1}\text{ _{}1}\rangle\langle f\circ \mathcal{T}, \psi_{k_{2}}t_{2^{\text{ }}2}\rangle]\psi k1t_{1}c1(_{Z_{i})\psi 2^{C}2}k_{2}t(_{Z_{j}})$ (21)
32
, $i,j$ 1 $N$ . $k_{1},$ $k_{2}$ 1 . $t_{1},$ $t_{2}$
, $0$ $b^{k_{1}-1}-1,0$ $b^{k_{2}-1}-1$ . $c_{1}$ , c2 $0$
$b-1$ . , ,
. .
$-$
, scramble shift , . \psi kt
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}$ \psi kt . $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\psi_{kt}$ $=\{x|\psi_{kt}c(x)\neq 0\}$ .
1 $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{k_{1}}t_{11}\text{ }\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{k_{2}t}2C2=\emptyset$ $l \geq\min(k_{1}, k_{2})$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{k_{1}}t_{1^{\text{ }}}1\cap$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{k_{2}}t_{2^{\text{ _{}2}}}\neq\emptyset$ $\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\psi_{k_{1}\iota_{1}}c_{1}\neq \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{k_{2}t_{2^{\text{ }2}}}$ $l> \max(k_{1}, k_{2})$ , scramble
$E[\langle g_{\circ\tau_{\mathrm{s}}^{(\iota}}, \psi_{k}1t1C_{1}\rangle\langle f\circ\tau \mathrm{s},$
$\psi k2t2^{C_{2}}\overline{\rangle]}$
) $(\ ota)=0$ .
( ) $k_{1}\geq k_{2}$ – . $\psi_{k_{1}.t_{1^{C_{1}}}}\text{ }.\psi_{k_{2}}t2C_{2}$ ,
,
$E[\langle f\circ\tau_{\mathrm{s}}, \psi_{k}(l)\rangle 1t_{1^{C_{1}}}\langle f\circ\tau_{s}\iota, \psi k2t_{2^{\text{ }}}2\rangle]=E[\langle f\circ\tau_{\mathrm{S}}^{(\iota}, \psi k_{1})\rangle t1c1]E[\langle f\circ\tau_{\mathrm{s}}^{(l}), \psi_{k_{2}t_{2\text{ }}}2\rangle]$ (22)
. $l\geq k_{2}$ , $\psi_{k_{2}t_{2^{C2}}}$ ,
$E[ \langle f\circ\tau_{\mathrm{s}}^{(}\iota), \psi k_{2}t_{2^{\text{ }}}2\rangle]=\frac{1}{b}\sum_{0}b-1\text{ }=\int 01f(x)\psi_{k}2t_{2}$ $(x)\mathrm{d}_{X=}\mathrm{O}$ (23)
. . . , $\psi_{ktc}$ $-$
, $k_{1}>.k_{2}$ . $l\geq k_{1}$ $\tau_{\mathrm{s}}^{(l)}=\pi 1\iota^{\circ}\cdots\circ\pi 1k_{1^{\circ}}$
. . . $\circ\pi_{1k_{2}}\circ\cdots\circ\pi 11$ . $\pi_{1k_{2}}\circ\cdots\circ\pi_{1}1$ .
$E[\langle f\circ\tau_{\mathrm{s}}^{(}, \psi k_{1}t_{1^{C}}1\rangle\langle f\mathrm{o}_{\mathcal{T}_{\mathrm{s}}}(l), \psi l)\rangle k2t_{2}\text{ }2]=E[\langle f\circ\tau^{()}, \psi \mathrm{S}k_{2}t2^{\text{ }}2\rangle lE[\langle f\circ\tau^{()}, \psi \mathrm{S}k_{1}t1\text{ }1\rangle\iota|\pi 1k_{2}\mathrm{o}\cdots 0\pi 11]]$
, $E[\langle f\circ\tau_{\mathrm{S}}^{(\iota)}, \psi_{k_{1}}t1\text{ _{}1}\rangle|\pi 1k_{2}\circ\cdots\circ\pi 11]$ , $k_{2}$ scramble
. $l\geq k_{1}$ ,
$E[\langle f\circ\tau^{()}, \psi \mathrm{S}k_{1}t1\text{ }1\rangle l|\pi_{1k}20\pi_{11}]$ $=$ $\frac{1}{b}\sum_{=C0}^{b-}1\int_{0}f\mathrm{o}\pi 1k\mathrm{o}\pi 11(X1)\psi_{kt}11$ $(x)\mathrm{d}_{X}$
$=$ $0$
, . $\blacksquare$
, $l$ scramble , , $k_{1},$ $k_{2}\leq l$ ,
$k_{1}=k_{2},$ $t_{1}=\theta_{2}$ . $k_{1}>l,$ $k_{2}\leq l$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi k_{1}t_{1^{\text{ }}}1\subset \mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}\psi_{k_{2}}t_{2^{\text{ }}}2$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{k_{1}t_{1^{\text{ }}}}1\neq \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{k_{2}t_{2C2}}$ . , $\lfloor b^{k_{2}-k_{1}}t1\rfloor=t_{2}$
. $k_{1},$ $k_{2}>l$ , . – shift ,
$\psi_{k_{1}t_{11}}\text{ }’\psi_{k_{2}t_{2^{\text{ _{}2}}}}$
$E[\langle f\mathrm{o}\tau_{\mathrm{t}}, \psi_{k_{1}t}1^{\text{ _{}1}}\rangle\langle f\mathrm{o}\tau \mathrm{t}, \psi_{k_{2}t_{22}}\text{ }\rangle]\neq 0$






1 $(t, m, s)$ -net $\{z_{i}\}$ , $l$ scramble
.
$V_{\mathrm{s}}(\hat{I}_{N})$
$=$ $\frac{1}{N^{2}}\sum_{i,j}(\sum_{k=m-t+1}^{\iota}\sum\sum_{2tc1C},$ Es $[\langle f\circ_{\mathcal{T}_{\mathrm{S}}}(l), \psi ktc_{1}\rangle\langle f\circ\tau_{\mathrm{S}}, \psi kt(\iota)\rangle\text{ _{}2}]\psi_{ktc_{1}}(_{Z_{i}})\psi kt\text{ _{}2}(_{Z_{j}})+$
33
2 $\sum_{k_{1}\geq l+1k_{2}t+}\sum_{=m-}l1^{\cdot}\lfloor b.k2-k_{1}t1\rfloor\sum_{2=t1}.\sum_{\text{ _{}2}},$ES $[\langle f\mathrm{o}\tau_{\mathrm{S}}^{(\iota}, \psi)tk_{1}1^{C_{1}}\rangle\langle f\mathrm{o}\mathcal{T}_{\mathrm{S}}(l), \psi_{k_{2}}i2\text{ _{}2}\rangle]\psi_{k_{1}t_{1}\text{ _{}1}}..(_{Z}.i)\psi k_{2}t2^{\text{ }}2(Z_{j})+$
$\sum_{k_{1},k_{2}\geq l+1t_{1}}\sum_{t2c,C},\sum_{12}E_{S}[\langle f\circ\tau^{(}, \psi_{k_{1}t}\mathrm{S}1^{\text{ }}1\rangle\iota)\langle f.\circ \mathcal{T}_{\mathrm{s}}, \psi(\iota)\rangle k_{2}t_{22}C]\psi_{k_{1}t}1\text{ }1(zi)\psi k2t_{22}\text{ }(_{Z}j)\mathrm{I}$ (24)
shift .
$V_{\mathrm{t}}( \hat{I}_{N})=\frac{1}{N^{2}}\sum_{i,jk_{1},k2\geq}\sum_{-m}t+1t_{1}\sum,\sum_{\text{ _{}1^{C_{2}}}t2},E_{\mathrm{t}}[\langle f\circ\tau_{\mathrm{t}}, \psi_{k_{1}t}1^{\text{ _{}1}}\rangle\langle f\mathrm{o}\tau \mathrm{t}, \psi_{kt_{2}}2\text{ }2\rangle]\psi_{kt_{1}}1\text{ _{}1}(\mathcal{Z}i)\psi k2t_{2}C_{2}(z_{j})$
(25)
, $l$ scramble $m-t<k\leq l$ –





3: scramble . $\circ$ $\min(k_{1}, k_{2})\leq m-t$ , $(t, m, s)$-net
. A ( $k_{1},$ $k_{2}>m-t$ $\min(k_{1},$ $k_{2})\leq l$ )
$b$ Haar . $\mathrm{B}$ ( $k_{1},$ $k_{2}>m-t$ $\max(k_{1},$ $k_{2})\leq l$ )







$R(I_{N}) \leq\frac{1}{N}\sum N$ $\sum\infty$ $b^{k-1}-1 \sum\sum E[|\langle f\mathrm{o}\mathcal{T}, \psi ktC\rangle|]b-1|\psi ktC(_{Z_{i}})|$. (27)
$i=1k=m-t+1$ $t=0$ $c=0$
, scramble shift , $E[|\langle f\mathrm{o}\mathcal{T}, \psi_{kt}\text{ }\rangle|]$ . scramble
, .$\sim$,
$E[|\langle.f\circ\tau_{\mathrm{s}}^{(}l), \psi kt\text{ }\rangle|]$ $=$ $\frac{1}{b^{k-1}}\sum_{=}^{-}b^{k-1}t01\frac{1}{b}\sum^{-}C=0b1|\int_{0}1|f(x)\psi_{ktC}(x)\mathrm{d}X$
$\leq$ $\sup_{t,\text{ }}|\int_{0}^{1}f(x)\psi ktc(x)\mathrm{d}X|$ (28)
. shift , $f^{*}(x)=f$ ( $x$ (mod 1)) ,
$E[|\langle f\circ\tau_{\mathrm{t}}, \psi kt\dot{C}\rangle|]$
$=$ $\frac{1}{b^{k-1}}\int_{0}^{b^{k-1}}|\int_{0}^{1}f^{*}(x)\psi_{k}^{*}t\text{ }(x)\mathrm{d}x|\mathrm{d}t$
$\leq$ $\sup_{t,\text{ }}|\int_{0}^{1}f^{*}(X)\psi^{*}kt$ $(x)\mathrm{d}x|,$
.
(29)
. , $\psi_{kt\text{ }^{}*\text{ }t}$ $0\leq t<b^{k-1}$ $\psi_{kt\text{ }^{}*}(x)=b^{(}k-1)/2\psi\text{ }(b^{k}-1x-t)$
. (27) (28) , scramble ,
$R_{\mathrm{s}}(I_{N})$ $=$ $\frac{1}{N}\sum_{k=m-t+1}^{\infty}\mathrm{s}\mathrm{u}\mathrm{p}t,\text{ }|\int_{0}^{1}f(X)\psi ktc(x)\mathrm{d}x|\sum_{i=1t}\sum^{-}\sum_{C=0}|\psi_{kt}\text{ }(_{Z_{i}})Nbk-1=01b-1|$
$\leq$ $k=m- \sum_{t+1}^{\infty}bk/2\sup_{t,c}|\int_{0}^{1}f(X)\psi kt$ $(x)\mathrm{d}x|$ .
. 2 , $k$ , $i,$ $t,$ $c$ $N$
, $|\psi_{kt_{\text{ }}}|<b^{k/2}$ . $\backslash [0,1)$ $f$
.
$\omega_{1}(f;\delta)=\sup\{\int_{0}^{\perp}|f(X+\xi)-f(x)|\mathrm{d}x:x+\xi\in[\mathrm{o}, 1), 0<\xi<\delta\}$ . (30)
$\omega_{1(f;\delta)}$ Haar .
$\sup_{t,c}|\int_{0}^{1}f(x)\psi_{ktC}(x)\mathrm{d}X|$ $\leq$ $\sup_{t,\text{ }}\int_{0}^{1}|f(x)\psi ktc(x)|\mathrm{d}x$
$\leq$






$\omega_{1}(f;b^{-k1}+)\leq C(b^{-}k)^{\alpha}$ . (32)
35
$\alpha>0$ $C>0$ $f$ . , $f$ HOlder
. , $N=b^{m}$ ,
$R_{\mathrm{s}}(I_{N}) \leq Cb\sum_{k=m-t+1}(b^{-}k)^{\alpha}=\infty Cb(b-m+t-1)^{\alpha}\frac{1}{1-b^{\alpha}}=\frac{Cb^{\alpha(-1)+1}t}{1-b^{\alpha}}\frac{1}{N^{\alpha}}$. (33)
.
shift ,
$R_{\mathrm{t}}(I_{N}) \leq b\sum_{i=m-t+1}\omega_{1}^{*}(f*b^{-};)k+1$ , (34)
. $\omega_{1}^{*}(f^{*} ; \delta)=\sup\{\int_{0}^{1}|f^{*}(x+\xi)-f^{*}(x)|\mathrm{d}X:0<\xi<\delta\}$ .
(31) (34) , $\omega_{1}(f;\delta)$ $\omega_{1}^{*}(f^{*}; \delta)$ , scramble shift
. .
, Haar
. $L_{1}$ , $L_{\infty}$ H\"older
$\mathrm{S}_{0}\mathrm{b}_{\mathrm{o}1’[}10$ ] . Haar Haar
$(b^{|\mathrm{k}|})^{\alpha}$ [3].
33 2
, $b$ Haar . Owen [8]
1 $b$ Haar .
$\psi_{\mathrm{k}\mathrm{t}\mathrm{c}}(_{\mathrm{X})}=\square \psi_{k_{r}t\text{ }}rr(r=1X_{r}).$ (35)
, $\psi$ $\mathrm{k}=(k_{1}, \ldots, k_{S}),$ $\mathrm{t}=(t_{1}, \ldots, t_{s}),$ $\mathrm{c}=(c_{1}, \ldots, c_{S})$ .
. $\max \mathrm{k}=\max_{1}<i\leq ski,$ $\min \mathrm{k}=\min 1\leq i\leq ski$
, $| \mathrm{k}|=\sum_{i=1}^{s}k_{i}$ . $\mathrm{k}_{j}$ $\mathrm{k}_{j}=(k_{1}^{\langle j)}, \ldots, k_{s}^{\overline{(}}j))$ . ,
$b$ Haar .
2 $\psi_{\mathrm{k}\mathrm{t}\mathrm{c}}$ $s$ $b$ Haar , $\{\mathrm{z}_{i}\}$ $b$ $(t, m, s)$ -net .
a) $\mathrm{k}\neq 0,$ $\mathrm{t}$ , 0 .
$c_{i}= \sum_{0}\psi \mathrm{k}\mathrm{t}\mathrm{c}(_{X})=0$
. (36
b) $\psi \mathrm{k}_{111}\mathrm{t}\mathrm{c}$ $\psi_{\mathrm{k}_{2}}\mathrm{t}_{2}\mathrm{C}_{2}$ $L_{2}$ , .
$\int\psi \mathrm{k}_{1}\mathrm{t}_{11}\mathrm{c}(\mathrm{X})\psi_{\mathrm{k}_{2}}\mathrm{t}_{z2}\mathrm{c}(\mathrm{x})\mathrm{d}\mathrm{X}=\square \delta 1)\delta(1)(2)i=1Sk^{(}k!^{2)}\mathfrak{i}tt_{ii}(\frac{b-1}{b}\delta_{c_{ii}^{(}}1)_{c}(2)-\frac{1}{b}(1-\delta_{cc}(1)(2)))$ . (37)





$[0,1)^{s}$ 2 $f\in L^{2}[0,1)^{s}$ .
$f( \mathrm{x})=\sum\sum_{\mathrm{t}\mathrm{k}}\sum\langle f, \psi_{\mathrm{k}}\mathrm{t}\mathrm{C}\rangle\psi_{\mathrm{k}}\mathrm{c}\mathrm{t}\mathrm{c}(_{\mathrm{X}})$
(39)
$\mathrm{k}$
$\sum_{\mathrm{k}}\mathfrak{l}\mathrm{i}:\sum_{k_{1}0}^{\infty}=\ldots\sum_{k=0}^{\infty}s$ , $\sum_{\mathrm{t}}$ $\sum_{\ell_{1}=0}^{b^{k_{1}1}-}-1\ldots\sum tS0b^{k_{s}}-1-=1$ , $\sum_{\mathrm{c}}$
$\sum_{\text{ }1}\text{ }-1\ldots\sum_{C_{S^{=}}^{-}0}=0\text{ }1$ . 1 .
$V( \hat{I}_{N})=\frac{1}{N^{2}}\sum_{i,j\mathrm{k}_{1}}\sum_{\mathrm{k}_{2}}$
,
$\sum_{\mathrm{t}_{1},\mathrm{t}_{2}\mathrm{c}}\sum_{1\mathrm{C}2},E[\langle f\circ_{\mathcal{T}}, \psi \mathrm{k}\mathrm{l}\mathrm{t}1^{\mathrm{C}}1\rangle(f\circ \mathcal{T}, \psi \mathrm{k}2\mathrm{t}2\mathrm{c}_{2}\rangle]\psi_{\mathrm{k}\mathrm{t}}11^{\mathrm{C}}1(\mathrm{Z}_{i})\psi_{\mathrm{k}\mathrm{t}}22\mathrm{c}2(\mathrm{Z}_{j})$
(40)
scramble , 1 .
2 $\mathrm{S}\mathrm{u}\mathrm{P}\mathrm{p}\psi_{\mathrm{k}_{1}\mathrm{t}\mathrm{C}_{1}}1\sup\cap \mathrm{p}\psi_{\mathrm{k}_{2}\mathrm{t}_{2}}\mathrm{C}_{2}=\emptyset$ $l \geq\min(\min \mathrm{k}1, \min \mathrm{k}2)$ , , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{\mathrm{k}_{1}\mathrm{t}_{1^{\mathrm{C}}1}}\cap$
$\mathrm{S}\mathrm{u}\mathrm{P}\mathrm{p}\psi_{\mathrm{k}_{2}\mathrm{t}_{2}\mathrm{C}_{2}}\neq\emptyset$ $(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi \mathrm{k}_{1}\mathrm{t}_{1^{\mathrm{C}}}1 \neq \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi \mathrm{k}_{2}\mathrm{t}2\mathrm{C}2)$ $l \geq\min_{i}(\max(k_{i},$$\min \mathrm{k}_{i}(1)(2))$ ,
scramble $E[\langle f\circ \mathcal{T}_{\mathrm{s}}\psi_{\mathrm{k}}1(l).’ \mathrm{t}_{1}\mathrm{c}1\rangle\langle f\circ_{\mathcal{T}_{\mathrm{S}}}, \psi_{\mathrm{k}}2\mathrm{t}2\mathrm{C}2\rangle(l)]=0$ .
( ) , 1 , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{\mathrm{k}_{1}\mathrm{t}}1^{\mathrm{C}_{1}}$ $.\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{\mathrm{k}_{2}\mathrm{t}_{2^{\mathrm{C}}2}}$ ,
,
$E[\langle f\circ \mathcal{T}, \psi_{\mathrm{k}\mathrm{t}_{1}}1\mathrm{C}1\rangle\langle f\circ \mathcal{T}, \psi \mathrm{k}_{2}\mathrm{t}2\mathrm{C}_{2}\rangle 1=E.[\langle f\mathrm{o}\mathcal{T}, \psi_{\mathrm{k}\mathrm{t}_{1}\mathrm{C}_{1}}1\rangle]E[\langle f\mathrm{o}\tau, \psi_{\mathrm{k}_{2}}\mathrm{t}_{2}\mathrm{c}2\rangle]$
. $\mathrm{k}_{1},$ $\mathrm{k}_{2}$ , $l$ 1 ( $l \geq\min(\min \mathrm{k}_{1}, \min \mathrm{k}_{2})$
) . $k_{1}^{(2)}$ - . , .
$E[\langle f\circ\tau, \psi_{\mathrm{k}}2\mathrm{t}2\mathrm{c}2\rangle]$ $=$ $E| \int\ldots\int f(\pi_{1}^{(l)(\iota)}(X_{1}), \ldots, \pi(1s))\psi x)(2)(2)\cdots\psi k_{1}^{(2}tCk_{s}^{(}112)$ 2)cs(2)
$\mathrm{d}x_{1}\ldots \mathrm{d}X_{S}\rceil$
$=$ $E[ \int\ldots\int(\frac{1}{b}\sum_{c_{1}=0}^{U^{-_{1}}}\int f(x_{1}, \pi_{2}((\iota))x_{2},$ $\ldots,$
$\pi(l\rangle(_{X_{S}}1)))\psi_{kt_{1}C_{1}}(2)(2)(2)\mathrm{d}x1)$
$.\psi_{k_{222}^{(2)}}t^{(2)}\text{ }\psi(2)\cdots kt_{s}s(2)(2)(2c_{S})\mathrm{d}_{X_{2}}$ , . . $\mathrm{d}x_{s}]$
$=$ $0$ .
, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{\mathrm{k}_{\text{ }}\mathrm{t}}1^{\mathrm{C}_{1}}\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi \mathrm{k}_{2}\mathrm{t}2^{\mathrm{C}}2\neq\emptyset$ , -














2 $\sum$ $\sum$ $\sum$ $E[\langle f\mathrm{o}\tau_{\mathrm{s}}^{(l)},$ $\psi \mathrm{k}\mathrm{l}\mathrm{t}\mathrm{l}^{\mathrm{C}}1\rangle$$\langle f\mathrm{o}\tau_{\mathrm{s}}^{()},$$\psi_{\mathrm{k}\mathrm{t}}l22^{\mathrm{C}}2\rangle$ $]\psi \mathrm{k}_{1}\mathrm{t}_{2}\mathrm{C}_{1}(\mathrm{z}_{i}$) $\psi \mathrm{k}2\mathrm{t}2\mathrm{C}2(\mathrm{z}_{j})+$
$\min \mathrm{k}_{1}\geq l|\mathrm{k}_{2}|>m-t\mathrm{m}:\mathrm{n}\mathrm{k}2<\iota$
cond. A












1 , scramble , . , scramble
shift , , .
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, , , scramble , shift
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1 , .




, $\psi_{\mathrm{k}\mathrm{t}\mathrm{c}}(\mathrm{X})$ $b^{|\mathrm{k}|/2}$ . $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi_{\mathrm{k}}\mathrm{t}\mathrm{c}$ $b^{-|\mathrm{k}|}+S$
, .
$\sup_{\mathrm{t},\mathrm{c}}|\int_{[1)^{s}}0,\mathrm{d}f(\mathrm{x})\psi \mathrm{k}\mathrm{t}\mathrm{c}(\mathrm{X})\mathrm{x}|\leq b^{-|\mathrm{k}|/}2+2S\omega_{1}$ ) $\prod_{i=1}^{s}[\mathrm{o}, b^{-k1}:+))$ .
, .
$\omega_{1}(f, \triangle)=\sup\{\int_{[0,1)^{s}}|f(\mathrm{x})-f(\mathrm{x}+\mathrm{y})|\mathrm{d}_{\mathrm{X}} : \mathrm{y}\in\triangle, \mathrm{x}+\mathrm{y}\in[0,1)^{s}\}$ .
,
$R_{\mathrm{s}}(I_{N}) \leq b^{2S}|\mathrm{k}|>\sum_{m-t}\omega_{1}(f).i=1\prod[0, b^{-}k:+1))$
(42
. , $\omega_{1}(f;\prod_{i}^{S}=1[0, b^{-k_{i}1}+))\leq Cb^{-\alpha|\mathrm{k}}|$ ,
$R_{\mathrm{s}} \leq Cb^{2}S\sum_{|\mathrm{k}|>m-t}b-\alpha|\mathrm{k}|=Cb^{2S}\sum_{k>m-t}b^{-\alpha k}$ (43)
. 1 $N$
. .
, shift . .,
38
44.1 Genz
Genz [4] 6 .
$[0,1]^{s}$ . $s$ , $\mathrm{x}=(X_{1}, \ldots, X_{S})$ .
. $fi( \mathrm{x})=\cos(2\pi u_{1}+\sum^{s}j=1aj^{X_{j})}$ (Oscillatory),
$f_{2}( \mathrm{x})-arrow\prod_{j}^{S}=1(a_{j}^{-2}+(x_{j}-u_{j})^{2})$ (Product Peak), $f_{3}( \mathrm{x})=(1+\sum_{j}^{S}=1ajx_{j})^{-}s-1$ (Corner Peak),
$f_{4}( \mathrm{x})=\exp(-\sum_{j}^{s}=1ja^{2}(X_{j}-u_{j})^{2})$ (Gaussian), $f_{5}( \mathrm{x})=\exp(-\sum j=1ja|sxj-uj|)$ $(C_{0}),$ $f_{6}(\mathrm{X})=$
$\exp(-\sum_{j}^{s}=1aj^{X_{j}})1_{x_{1}>>u}u11x_{2}2$ (Discontinuous). $f_{6}$ $1_{x_{1}>u_{1}}$ $x_{1}>u_{1}$ $x_{1}$ 1,
$0$ ( $1_{x_{2}>u_{2}}$ ). $u_{i}$ $[0,1)$ – , $a_{j}$ $[0,1)$ $-$
$f_{k}$ , $\sum_{j=1}^{s}aj=h_{k^{S^{-e_{k}}}}$ .
$e_{k},$ $h_{k}$ , $(e_{k})=(1.5,2,2,1,2,2),$ $(h_{k})=(110,600,600,100,150,100)$ ([4]
). $a_{j}$ $u_{j}$
. 10 $fi$ , $a_{j},$ $u_{j}$ 10 ,
30 scramble shift (7) .
, Faure , Sobol’ . , 10
, $\pm 3\hat{\sigma}$ . 4, 5, 6 ,
, 1 , , scramble






, $b(\tau)$ , .
, $V(x)=\exp(-\mathrm{i}x)$ , ,
.
$\int_{0}^{2\pi}\int_{\mathcal{R}^{s}}\prod_{k=1}S(1-\frac{1}{s}\exp\{i(x+\sqrt{\frac{1}{s}}\sum_{i=1}gi)k\})(\frac{1}{\sqrt{2\pi}})^{s}\exp(-\frac{g_{1}^{2}}{2})\ldots\exp(-\frac{g_{s}^{2}}{2})\mathrm{d}g_{1}\ldots \mathrm{d}_{\mathit{9}S}\mathrm{d}x$
, . . ,
$[0,1]^{s}$ , .
7 . , $s=40$ . Faure , 30 scramble, shift
. . . . $\cdot$
4.3
, . $So=100,$ $r=0.1$ ,
$\sigma=0.3,$ $K=100,$ $\triangle t=1/52$ ( ).
$\int_{\mathcal{R}^{s}}\max(S_{0}\square (1+r\triangle t+\sigma^{\sqrt{\triangle t}}g_{i})i=1s-K,$ $0)( \frac{1}{\sqrt{2\pi}})^{s}\exp(-\frac{g_{1}^{2}}{2})\ldots\exp(-\frac{g_{S}^{2}}{2})\mathrm{d}g_{1}\ldots \mathrm{d}g_{s}$
Feynman-Kac . 8
. Faure , 30 scramble, shift .
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5
scramble shift , , 3
. , “ ”
. - , $b$ Haar ,
, . .
, ,
, . $-$ , “effective dimension”
(cf. [1]). [9] . ,
.
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